Introduction.
The following problem was suggested to the writer by Professor Saunders MacLane:
Given a valuation (VoK = To, Kj of a field K with value group To and residue class field ÀJ (A) to determine the nature of r and £ for any extension (VL = T, jQ of V~o from K to L/K; and conversely (B) to construct valuations of an extension L/K with value groups and residue class fields which conform to the requirements of (A). The present paper considers this problem in the case when L is a simple transcendental extension K(x) of K. The valuations are of arbitrary rank (cf.
[2](2)).
It is well known that (1) then "£ and T are finitely generated over À^ and To, respectively. To these conditions we add (3) £ and T must be at most denumerably generated over Aâ nd r0; and (4) if T[/yFQ = 1, then £ must be a rational function field in one variable over a finite algebraic extension of À^. The possible forms for Y and «£ are given explicitly in Theorems 7.1 and 8.1.
The construction of extensions (VK(x)=T, ^)2(Fo/i = r0, fQ with T and «£ satisfying conditions (1) to (4) is given in §9, except for the case where r/r0 is finite and £ is a finite algebraic extension of A^. §12 contains a note on the extension of these results to finitely generated purely transcendental extensions of K.
Two approaches have been made to the study of rank 1 valuations of K(x). One, used by Ostrowski [7] , represents x as the limit of a pseudo-convergent sequence in the algebraic completion of K. The other, used by MacLane [3] and [4] and based on work of Relia [8] , represents each discrete valuation of K(x) by a simple sequence of approximating subvaluations of K(x), in which each approximant is derived from the preceding by a certain "key" polynomial. It is an exploitation of Gauss' Lemma. Following the latter method, we show ( §6) that every valuation V of
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K(x) (of arbitrary rank) can be approximated by a well-ordered system of "inductive" valuations. This yields MacLane's structure theory [3] for F, and the results given above (3) .
The existence of extensions (VK(x) =Y, jQ of F0 for which T/Vo is finite and ^ is a finite algebraic extension of Â^ depends on the presence of certain transcendental pseudo-convergent sets in K or an algebraic extension of K. Some incomplete conditions for this case are given in §10. They are analogous to Kaplansky we can define the function V",
where y"> V^s) for all p.. 
Note. Theorem 3.3 proves that II holds for the set { Vß}, p^<r. It further shows that I holds for Vc if we make the convention that IF is to be interpreted as representing all Vß for p greater than some ordinal 77; rj depends on /. The pseudo-key <p" takes the place of a key for F". The next theorem shows that augmenting a limit-valuation with a key of sufficiently high degree preserves II. Proof. If Vß(f) = V"(f), then in the expansion (3.2) in terms of <p", V"(f) = V.if0)< F"(/-/o) (cf. the preceding proof). But F,+1 (/-/") ^ V,(f-fo), and F"+i(/o) = F"(/o), by I. Therefore V,+i{f-f0)> V"+i(fo), which implies (v) if deg fa = deg fa, fa~fa in V" is false.
If p is a limit ordinal, V" is called a constant degree limit valuation when the set {deg fa}, <r<p, is bounded; otherwise, increasing degree^).
An inductive valuation Vp has property I, and the set of subvaluations { Vc}, a¿p, has properties II and III. Any augmented valuation V"+i is an inductive valuation, provided that the key fa+i satisfies conditions (iv) and (v). However, we have the following theorem. Proof. Let ^ be a prospective key for V. We write <p = qfaw+iA-r (cf. Proof. We expand 5 in terms of each fa-, ff>w, (6) Henceforth the term limit valuation refers only to inductive valuations. (7) This theorem has particular relevance to the rank 1 case. In this case the set { V"}, w ^<r<p, can always be replaced by a cofinal denumerable sequence { Vp j (2.2). A limit value can be defined (as in [3] ) on K(x) by the function V: V(J) =limfl<«, V^(f). This function may be nonfinite in the sense that it assigns to some nonzero polynomials the value «. Our Theorem 5.1 and MacLane's Theorem 7.1 [3] together give a NAS condition for the finiteness of V. On the other hand, the latter theorem gives a NAS condition for the existence of a pseudokey for { Vp} and hence for { V" j, when Iim,,^« yp = ». (8) Note that by III, 7"<tx for w<*<\. On the other hand is an inductive valuation satisfying IV.
Now suppose that V" is an inductive valuation with property IV and such that V"(f) = W(f) for all/of degree less than n. We proceed by induction on n. If there exists a polynomial h of degree n such that V"(h) < W(h), we let ?>í" be the set of all monic polynomials of degree n with this property, and let Vïin be the corresponding set of IF-values. Case (1). If iM" has a maximum element y, we choose a member of Js[" with value y, call it <p"+i and define F"+i= [V", Va+i ( This completes the induction on n. If the process does not stop at some finite degree, it will go on indefinitely to give an increasing degree limit valuation equal to W. Let A^ be the residue class field of K with respect to Vo] let £" be the residue field of L = K(x) with respect to V"; and let 77" be the corresponding homomorphism mapping the valuation ring in K(x) onto £". If V" is commensurable, then ^ = 77<r(y), where F" is an algebraic extension of the field A^, and y is transcendental over F"; if Va is incommensurable, jQj, = F". If Fois augmented to V, the resulting residue field £ is F(z) = F"(d, z), where 0 and 2 are algebraic and transcendental over F", respectively, and are determined by the augmenting key fa Corresponding to <p there exists a polynomial p (x) such that Vp(p) = V"(p) = -V"(fa) for some p<a; p(x) will be called a V"-deflater of fa Then 8 is a root of H"(pfa), a polynomial of degree [deg <p/(t<, deg fa)] in the ring Tvfy]; where t" is the commensurability number of Va, that is, the order of T"/T^i or Ta/Tu (cf. §7); and z = H(qfa), where g is a F-deflater of fa.
Analogous to property III we have the condition that if deg 0" = deg fa then F" = F. If V, is a limit valuation [{ Vp}, p<a] without a pseudo-key, ■£" is the union Uß<"Fp of the fields F p. If V, is a limit valuation with pseudokey 5, then .£" is Fa(z) or F" as before, where now F" = U/1<, T7,,. 9. The existence of inductive valuations with a prescribed structure. Given (V0K = To, f£), the construction of (VK(x)=Tp, £,,) with Tp and£p satisfying the conditions of Theorems 7.1 and 8.1 is given in most cases(9) by the following theorem of MacLane [3, Theorem 13.1 ].
Lemma 9.1. In a given inductive valuation (V\K(x) =T'", "£"), let\¡/(y)¿¿y be a monic polynomial of degree m>0, irreducible in F" [y] . Then there is one and, except for equivalent polynomials in V" only one fax) which is a key over F, and which has H,(pfa) =fa(y) for a suitable V"-deflater p of fa Theorem 9.2. Given (VoK = To, fQ; let T^O and £ be extensions of T0 and A^, respectively, such that (schematically) T and £ occur in any of the following combinations (cf. Theorems 7.1 and 8.1):
(9) The excluded case is the combination (a)(i).
[July hence V0(a\ -aA> Vo(a" -aß) for p<a<\, that is, {a,} is a pseudo-convergent set in K{10). For every aGK, the set {a -a,} ultimately attains a constant value; otherwise the valuation V" would equal the first stage valuation IFi= [Vo, W\{x -a)= Vp{x -a)]. This is to say that {a,} has no limit in K. Since K is closed, it further implies that {a") is of transcendental type. Conversely, any transcendental pseudo-convergent set in K without a limit in K {t.p.c.s.w.l.) defines a valuation {VpK{x) =To, Kj-Hence, if K is algebraically closed, there exists an immediate {the only type (ai)) extension to K(x) if and only if there exists a t.p.c.s.w.l. in K(11).
If K is arbitrary and A is its algebraic closure, then any type (ai) valuation of K(x) can always be extended (cf. [7, p. 300 , II]) to an (ai) valuation of A(x). Hence, for each (ai) extension of (VoK = T0, fQ to K(x) there is a t.p.c.s.w.l. in A {with respect to some extension of V0 to A).
A partial converse is given by the following theorem.
Theorem 10.1. Let {VoK = T0, fQ be any valuation of K. Let T be a finite commensurable extension of To and £ a finite algebraic extension of A^. Let M be any algebraic extension of K with a valuation (V'0M = T, «£) which is an extension of V0. If (1) M is a simple extension of K, and (2) M contains a t.p.c.s.w.l., then there exists an extension (VK(x) =T, j£).
Note. M must always exist, but it is not always a simple extension of K. The latter is true in the important case when M/K is separable; in particular, when K has characteristic 0. Theorem 2] and [7, §65] 11. The existence of limit valuations with pseudo-keys. In constructing extensions (VK(x), T, jQ with prescribed T and .£ (Theorem 9.2), it is not necessary to use limit valuations with pseudo-keys. One might therefore ask if there actually exist such valuations which can not be represented by a finite set of keys. Are pseudo-keys really necessary? The answer is yes, even in the rank 1 case.
Let (VoK = T0, Í0 be of rank 1; and let {a,} be an algebraic (10) pseudoconvergent sequence in K without a limit in K such that limJ<M Fo(a,-+i -af) < oo (12). We construct the inductive valuations V,-= [Vy-i, V¡(x -a¡) =y¡\, j=l, 2, ■ ■ ■ , where y,= Fo(aJ+i -af). Let q(x) be any monic polynomial in K [x] for which V0(q(a¡)) < Vo(q(a¡+i)) for j greater than some integer jo. For each j we expand m (li.i) ?(*) = Z ?*(«í)(* -«/)'.
where qo = q and g" = l. Now Vj(q(x)) =min<[Fo(g!(ay))+¿7;]. For j greater than someji, the value of each term of (11.1) increases with j. It follows that Vj(q(x)) <Vj+i(q(x)) for all j. This implies that { V¡} has a pseudo-key .?. (u) The existence of a field with such a sequence is implied by the first counterexample in §5 of [1] .
